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A Law of Large Numbers and a Central
Limit Theorem for the Schrodinger Operator
with Zero-Range Potentials
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We consider the Schrodinger operator with zero-range potentials on N points of
three-dimensional space, independently chosen according to a common dis-
tribution ¥(x). Under some assumptions we prove that, when N goes to infinity,
the sequence converges to a Schrodinger operator with an effective potential.
The fluctuations around the limit operator are explicitly characterized.
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1. INTRODUCTION

The study of the Schrédinger operator with zero-range interactions in three
dimensions goes back to 1935, when Bethe and Peierls'” used this model
to study the system consisting of a neutron and a proton. Fermi also
employed this model when analyzing scattering of neutrons in hydrogenous
substances (e.g., parafin) in 1936 (see also Ref. 3). Thomas™® showed
how to obtain the Hamiltonian with zero-range interactions (point interac-
tions) from Hamiltonians with suitably scaled short-range interaction. The
rigorous analysis was initiated in 1961 by Berezin and Faddeev®® in an
attempt to treat the three-body problem. Their technique was to study
certain self-adjoint extensions of the Laplacian suitably restricted. By now
there are several ways to define rigorously a Schrddinger operator in three
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dimensions with finitely or infinitely many point interactions located on a
discrete set in R®. For a comprehensive mathematical treatment of
Schrodinger operators with point interactions in one to three dimensions
we refer to Ref 6. The easiest way mathematically to introduce the
Schrodinger operator — A4, , with point interactions located on the set ¥ =
{¥1,» yn} with strength o= (ay,..., ay) is to define it as the unique self-
adjoint operator —4, , in L*(R?) whose resolvent equals

(—doy=k)T'=Get Y [ k) "1y Gil- = yp) Gil- — y)) (11)

py=1
where I', ,(k) is the N x N matrix
N

I“a?y(k)zl:<aj—;—/;>51-]-,—Gk(yj—yj,)] ,  Imk>0 (1.2)

j,j =1

and

Go=(—4—k*)"', Tmk>0

= [(Gix)  x#0

G"(x)“{o, x=0 (13)
eiklx]

Gk(x)=m

Let us comment briefly on the definition given above.
For

L

inf o
J

>1 and (info;) inf [y, — y,|>1
J ey
we get [ 17, y(k)]; ~a,;0,. In this approximation

N
(—doy—k) 7 (0, ))=Gulx =)+ Y —Glx—y) Gy —»)  (14)
i—1 %
which formally can be written
(—Auy =k = (=4 =) = (— A= k)T W(=4—K) T (15)
with

W)=~ ¥ o~ y)

i=1"i
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Then (1.4) is what one obtains by expanding the formal operator

N 1 —1

| -4- % Sot—y)-i)
i=174

up to the first order in a Neumann series. Equation (1.4) has been the basic

formula for the computation of scattering data in important applications,

for example, neutron scattering by liquids and solids. See, e.g., Ref. 7.

As an aside, we mention that the formal expansion (1.5) cannot be
continued beyond the first term without giving rise to divergences. On the
contrary, from (1.1) one can get a low-energy, small-scattering-length
expansion which is free of divergences. To the best of our knowledge this
possibility has yet to be exploited in applications.

Let V be any positive density distribution such that

V)20, | Vxdx=1, V<o
Rr3
In particular, V belongs to the Rollnik class, i.e.,

i = VY

o DSV VIR <oo

(see, for example, Ref. 8).

On the set of configurations YV = { y{™,... (M} of N points of R* we
consider the probability measure {¥(x)dx}®" [in such a way that the
points y™ are identically and independently distributed according to the
common density F(x)].

Given any real function a(x), xeR? such that 0<C, < |a| (x) <
¢, < 00, continuous apart from a set of V(x)dx-measure zero, we define
A = {a(yP,... al y) ).

By the law of large numbers we have

1 -
lim — Y G ™)
Vi N ,.Z I om

[ &9 ((

) k(y(N)— »)

) Guz - y) ds
-|(ca—r Ak )

At least at the formal level expressed by (1.4) and (1.5) it is then suggested
that

14 —1
(“ANG(N),Y‘N]"kz)71W <—A—‘——k2>

o4
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Notice that any potential U(x)e L, ~ L, can be written as the ratio
Vjo of a density distribution in L, with a function o satisfying the
assumptions stated above. In fact, it is enough to define

v=1u] (x)/fm U] (x) dx

2= (sign U)(x) / Ls U (x) dx

The aim of this paper is to give a proof of a law of large numbers for
Hamiltonians with point interactions, thereby proving that any
Schrédinger operator with potential in L, ~ L is a limit of a sequence of
such Hamiltonians. Moreover, the fluctuations around the limit operator
can be completely characterized.

Our main result will be:

Theorem 1. Under the assumptions on V, Y™, and o) made
above, uniformly on a set of configurations YY) of measure increasing to 1

as N goes to infinity, for k=i ﬂ, A positive large enough,

V —1
S'lim(‘—ANa(N),Y(N)‘FA)1=<—A——+i> EA},‘, (1.7)
NtToo ) o4

In the next section we will give a proof of Theorem 1 based on an

analogous result proved in Ref. 9.
The result on the fluctuations around the limit operator Aj is
expressed in the following:

Theorem 2. For any f, ge L,(R?) the random variable
N2(f, [(=dwar ym +4) 1 = A3 g) = &) (YY)
converges in distribution, when N goes to oo, to the Gaussian random

variable ¢, , of mean zero and variance

1 1 2
E(i},g)=<A‘VfA"Vg,—2A‘VfA%/g> ~<A‘Vf,—A*Vg>

x 5 x 0
where

(5,8 )2= IRJ s(x) s'(x) V(x) dx

Only slight modifications of the sfeps followed in Ref. 10 for a similar
problem are required to obtain a proof of Theorem 2. Rather than
reproduce the proof here, we refer the reader to that paper.
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2. THE LAW OF LARGE NUMBERS FOR HAMILTONIANS
WITH POINT INTERACTIONS

In order to stress the analogy with the problem analyzed in Refs. 9 and
10, which we will follow closely, we briefly mention the relation between
operator (1.1) and the “approximate” Green’s function of a boundary value
problem on spheres shrinking to the points of Y.

It is outside the scope of this paper to state rigorously the connection
between the two problems. We are convinced, however, that the
asymptotics of the associated boundary value problem for a finite or an
infinite number of points could be important in applications. We plan to
come back to this in further work.

Let B; be the closed sphere of radius r around y;e ¥, B} = {xeR’|
|x — y;| <r}. Consider the problem

—(du)(x) + Au(x) = f(x), xeR3\ig)1 B m

u(x)+y; (r) (x) 0, xedB;, i=1.,N
where y(r) are N bounded functions of re [0, 1] and §/dn indicates normal
derivative in the direction outgoing from the spheres.
As for the Dirichlet problem in Refs. 9 and 10, for small r, we will try

to approximate the effects of surface terms with point sources placed at the
points of Y in the form

i(x)= (Gi\/lf)(x)-l- Z q}; Gi\/i(x_ J’j)

By direct computation [we will assume enough regularity on f to
guarantee existence and boundedness of (0/0n)(G; ;, )], for x e dB;

5il
7, (%)
= (Gi\/if)(yi)+ [(Gi\/,{f)(x)_ (G; )]

0 Noooa
#30) (55G.a1)) )+ X 476 2)

(x) +yir) =

N
+ ) g G salx—y;)— Gi\//l(yi_ ¥)]

j=i

exp(—2'7r) 6G, /s
+ +jZlvl(r)qf 5 (x =)
J#Ei
+ 112 €Xp(—2A"%r) exp(—AY?r
*Vi(r)CIMI/zT—Vi(r)Q}"“p—(W‘J, xedB;
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To cancel singular terms, one has to choose y/{r)=r+ «,-4nr’. Further-
more, if now the charges g} are chosen in such a way that they satisfy the
linear system of equations

N A - )
; [(aﬁ*—{;) 0;— G yalyi— y,-)] a7 =(G, ;i fNy:)

or

gi= Y [Ty ylin/D)11,(Gi i )(3))
=1
one gets

i(x)+yAr) g}l—z (x)=0(r), xedB;, i=1,.,N

In this sense, point interactions located at the points of Y act like
mixed boundary conditions at each of the points of Y.
We now turn to the proof of Theorem 1. From the definition, for any

[, ge L,(R%),

(fs (—dpum y+4) "' g)

=/, Gi\/).g)+ Z [rﬁ;uv),y(m(i\/l)]y

(G VNG, /2 &)y (22)

The above discussion suggests splitting (2.2) into
N

(fi (= Anam, yn + )" )= (£, Gi 128)+ Y, 45 (G, i) y™) (23)
i=1

where

() \/A i e (N) (N f
No (yj )+ . 9l Z Gi\/l(yi —Y; )ql,g
i=1

=(G. )M, j=L.,N (24)

To show that the linear system (2.4) is solvable, in such a way that it can
be taken as an unambiguous definition of the ¢, ., we notice first that

1 N exp(——2).1/2 |y§N)_yj(N)|) 1/2
H.S._{F Z 1672 |y§N)_yJ(N)|z }

ij=1
i#j

(2.5)

Gy
N
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where | 4] 45 denotes the Hilbert—Schmidt norm of a matrix 4, and where

(Gi\/l)ij = Gi\/z(ygm - Y}N))

By the law of large numbers and by our assumptions on the density
distribution V, we then have

Giys
N

<c(2) Vg

H.S

with lim; ;. ¢(A) =0, | V]| < 00.
This implies that the matrix

1

~ L, ym(i /)

[where a;=a(y!™)] has a bounded inverse for an appropriate choice of 1
and N sufficiently large.

In order to analyze the properties of the g5 , when N is very large, we
consider the integral equations corresponding to (2.4) in the continuum

(x) 45, ¢(x) = fm G i(x =) V(¥) 4s,(») dy =(G; 1, 8)(x)  (2.6)

which is solved, for A large enough, by

a(x) g5, (x) = [(—=4 = V/a+ 1) " g](x)

Notice that, by our assumptions on V, such a function belongs to the
operator domain of the Laplacian. In particular, it is continuous, implying
the continuity, ¥(x) dx-almost everywhere of the function ¢, ,(x).

Comparing (2.6) with (2.4), we find

! . (G, |
5 [(x 32 00 (%) [tv2as - ston=y

Jj= ij

= (O}_,g)i‘f' (Oi,g)i

where
1 X
(Oi,g)i=W .zl Gi\/i(ygN) - yj(-N)) ‘h,g(ij))
j=
! (N)
~ N2 (G: Vg, (™)
2 ____'1 (V)
(O/Lg = T AnN? 95, (")
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By direct computation,

> 1 )2 N-1 2 2
E Z (0507 | = (1, Gi\/;.V‘IA,g)Lzy

= E
N-2
7 GVl (2.7)
N A
E( Y (Oﬁ,g)?> = 1622 Ig:, 172 (2.8)
i=1

where
(@ N =] Gl =) f) dy
From (2.7) and (2.8) we infer

N
lim E(Z(Oflg)?>=0, [=1,2
Nl i=1 ’

which together with the invertibility of the matrix

(i) (52

gives us that for any ge L,(R?) and A sufficiently large

. 1 X . W2 172
lim = 3\ [NG}, = d.(y")])%¢ =0 (29)
Ti=1

Ntoo

on a set of configurations YY) of measure going to 1 as N goes to .
The proof of Theorem 1 follows now easily from

(f, [(—AM(N)W+,1)—1—<—A—g+z>1]g>

qi,g(G,-ﬁf)(y,‘-N’)—<ﬂ (—A+ ) §<—A Ly z); g)

—

I
I M=

(9} e — 9. (YVNI(G; /o ) Y™)

H

Il
I M=

—

1 N
3 L 400G, s NI = [ (Grys ) 43, 46) Vi) di

1 N ] 172
<sup 16,y 1 () {35 3 TV~ 02,0077
* i=1

+ 1] (Y™) = E[nf (Y™)]] (2.10)
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where

1

~ ¥ 4, 08G )

i=1

nf (YM)=

Again by direct computation

2
E lr’/[-,g_E"{,g|

1
N “R; (Gi 1 f)? (%) g3, (%) V(x) dx

_ Um (G /2 /(%) 43, 5(x) V(%) dx]z}

C
< sup Gy /12 ()5 a3+ (L lgs D3] (210)

From (2.9)-(2.11), taking into account that sup, {G; /; f| (x)<c [ f||, and
our assumptions on ¥, we conclude that for every ge L,, on a set of YV
of measure going to 1 as N goes to infinity

gin{}o {1, = aim ym + ) = (=4 = V/a+ )" Tg)l/If2} =0

concluding the proof of Theorem 1. J

3. CONCLUSIONS

The Hamiltonian with zero-range potentials or point interactions
supported on a discrete set of points YY) is defined by (1.1) in an implicit
way, via its resolvent.

The law of large numbers guarantees the convergence of the measure

1
N Y dx—y™)
W e y®)

to V(x)dx when N goes to infinity if V(x) is the common distribution of
the independently distributed vectors y™ e R*. We proved that the same
property holds for the Hamiltonian (1.1), together with a corresponding
central limit theorem.

It is possible to analyze, in an analogous way, the convergence of the
scattering data for the approximate Hamiltonians to the limit ones.

Notice that in the limit we studied the wave number is kept finite, the
interparticle distance is of order N1, and the scattering parameter « ! of
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order N~ '. The wavelength of the incoming particle “sees” only the density
of scattering lengths o~ !(x) V(x).

Higher energy limits are very important in applications. In particular,
the one where the wavelength is of the same order as the interparticle
distance is the relevant case in many problems of scattering by liquids and
solids. As we mentioned in the introduction, there does not seem to be a
coherent approximation scheme available going beyond the linear term in
the scattering parameter.

We conclude by mentioning that, with some additional technical
complications, it is possible to extend the results given in this paper to
potentials of the Rollnik class.

The Rollnik condition seems to be very natural in our context, being
equivalent to the request that the system of “charges” ¢,(x) has a finite
energy. (For the same reason, we believe that the same results cannot be
generalized to a larger class of potentials.)
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